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Let R be a commutative ring with identity and M, N are R-modules with M ~ N. Then M c_ N 
is said to be distributive if MA(X+ Y) --(MAX)+(MA Y), for all submodules X, Y of N. The 
extension McN is said to be supporting if Mp~O for all maximal ideals P of R for which 
Np~0. 
In this paper we investigate conditions under which an R-module M has a unique maximal 
distributive and supporting extension D(M) such that for each maximal ideal P of R the set of 
Rp-submodules of (D(M)/M)p is linearly ordered. 
Introduction 
Let R be a commutative ring with identity and let M_  N be an extension of R- 
modules. Then Mc  N is said to be distributive if MA (X+ Y) -- (MAX) + (MA Y) 
for all submodules X, Y of N. The extension Mc_N is said to be supporting if 
Mp~0 for all maximal ideals P of R for which Np:~0. A ring R is said to be arith- 
metical if the lattice of ideals of R is distributive. 
It is known [1, 2] that every module has a maximal distributive and supporting ex- 
tension. In [1] it is shown that over a Noetherian arithmetical ring every module M 
has a unique maximal distributive and supporting extension, which is denoted by 
D(M) and called the distributive hull of M. 
We shall say that an extension M c_ N of R-modules is locally linearly ordered if, 
for every maximal ideal P of R the set of Rp-submodules of (N/M)p is linearly 
ordered. Thus a locally linearly ordered extension is distributive. 
In this paper we investigate conditions under which an R-module M has a distri- 
butive hull D(M) such that Mc_ D(M) is a locally linearly ordered extension of R- 
modules. We also give the description of D(M) in certain cases. Here are some high- 
lights (the rank of a module over an integral domain means as usual the dimension 
of the vector space obtained by extending the scalars to the field of fractions): 
(1) Let R and M be as follows: 
(i) R is a Noetherian integrally closed domain and Mis  an R-module of non-zero 
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is a Noetherian arithmetical ring and M is any R-module, or 
is an h-local Prtifer domain and M is an R-module of non-zero rank, or 
is an h-local locally almost maximal valuation domain and M is any R- 
or 
is a von Neumann regular ring and M is any R-module. 
Then M has a distributive hull D(M) and Mc_ D(M) is a locally linearly ordered ex- 
tension of R-modules. 
(2) Let R be an h-local locally almost maximal valuation domain and M a torsion 
R-module. Then D(M)= (~e~SupptM)D(Mp), where D(Mp) is the distributive hull 
of Re-module Mp and Supp(M) = {Pc  MaxSpec R IMp*0}. 
(3) Let R be an h-local Priifer domain. Then R is coprimely packed if and only 
if D(M)=S-1M for all rank one R-modules M, where S=R-[.JeeSupp(rt~))p ' 
T(M) is the torsion submodule of M. 
Throughout R will denote a commutative ring with identity and MaxSpec R will 
denote the set of maximal ideals of R. 
Section 1 
We begin by noting the following simple lemma. 
Lemma 1.1. Let R be a ring. Suppose that M c_ N is an essential extension of  R- 
modules always implies that Me c__ Np is an essential extension of  Re-modules, for 
all P ~ MaxSpec R. Then over R every essential extension of  modules is supporting. 
Proof. Let ME_ N be an essential extension of R-modules. Suppose that Ne:g0 as 
an Re-module (P e MaxSpec R). Then, because Mp C_ Np is an essential extension of 
Re-modules, it follows that M,~0.  Hence Mc_N is supporting. [] 
Proposition 1.2. Let M be a module over a ring R with injective hull E(M). Let 
{Xi }i~i be the set of  all submodules of  E(M) which are distributive and supporting 
extensions of  M and let D(M) be the sum of  the submodules {Xi}i~ I. Then D(M) 
is the distributive hull o f  M i f  and only i f  for  every maximal ideal P of  R, the sub- 
module D(Me) of  E(M)e generated by the set {(Xi)e}i~z is a distributive xtension 
o f  Me. 
Proof. We only need to note that E(M) contains an isomorphic opy of every distri- 
butive and supporting extension of M [1, Proposition 2.2]. The rest is straight- 
forward. [] 
Theorem 1.3. Let R be a Noetherian integrally closed domain and M a non-zero 
rank R-module. Then M has a distributive hull D(M) and Me_ D(M) is a locally 
linearly ordered extension o f  R-modules. 
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proof. If M has no proper distributive xtension, then M = D(M) and everything is
clear. So we assume that M has a proper distributive xtension. Then M is of rank 
one [1, Proposition 3.1]. We now let E(M) be the injective hull of M. Then E(M)p 
is the injective hull of Mp (as Re-modules) for all Pc  MaxSpec R. For each P in 
MaxSpec R, we let D(Me) be the submodule of E(M)p generated by the set of all 
the submodules of E(M), which are distributive xtensions of Me. If Me as an Re- 
module has no proper distributive xtension, then clearly D(Me)= Me. 
Suppose that Mp has a proper distributive xtension (as an Re-module). Then 
kip is a submodule of a torsion-free cyclic Re-module [1, Corollary, p. 304 and 
Corollary 2, p. 310]. Hence Me is isomorphic to a distributive ideal Ie or Re. Now 
the isomorphism Ie=Me gives rise to the following commutative diagram of R e- 
modules and Re-morphisms: 
incl. 
M e ~ E(M)p  = E(Mp)  
1 
incl. 
Ie ,E(Ip)=K (=the field of fractions of R) 
But the set of all submodules of E(Ie) which are distributive xtensions of Ie is 
linearly ordered (this is proved in [3, Theorem 3.13, p. 109]). Therefore using the 
fact that fe  is an isomorphism, we have that the set of all submodules of E(M)p 
which are distributive xtensions of Me is linearly ordered. Therefore it follows 
that Me c_ D(Mp) is a distributive xtension of Re-modules. Moreover, D(Me) is 
the distributive hull of Me. That is, we have shown that D(Me) is the distributive 
hull of Me and M e c_ D(Me) is a linearly ordered extension of Re-modules for all 
P ~ MaxSpec R. 
If we define D(M) to be the submodule of E(M) generated by the set consisting 
of all the submodules of E(M) which are distributive xtensions of M, then by Pro- 
position 1.2 and the above argument, it follows that D(M) is the distributive hull 
of M. Since Me c D(M)p c_ D(Mp) for all P ~ MaxSpec R, it follows that Mc_ D(M) 
is a locally linearly ordered extension of R-modules. [] 
Section 2 
In this section we consider the situation over h-local domains and locally almost 
maximal valuation rings. 
Definition (Matlis [5]). An integral domain R is said to be an h-local domain if the 
following two conditions are satisfied: 
(1) Each non-zero ideal of R is contained in only finitely many maximal ideals of 
R; 
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(2) Each non-zero prime ideal of R is contained in only one maximal ideal of R. 
We now state and prove the following result. 
Theorem 2.1. Let R be an h-local doma& and let Mc_ N be an extension of R- 
modules. Then Me__ N is an essential extension of  R-modules if  and only i f  Mp c Np 
is an essential extension of  Rp-modules for all P ~ MaxSpec R. 
Proof.  First we recall that if R is an h-local domain and M is a torsion R-module, 
then 
M= ® M ® M,, 
P e Supp(M) P ~ Supp(M) 
where Supp(M)= {PcMaxSpecR [Mp:~0} and M P= {xeMlAnn(x)  c_P and 
Ann(x) ~ Q for all Q:/:P in MaxSpec R} U {0}. 
To prove the assertion of the theorem we proceed as follows: Let Me_ N be any 
essential extension of R-modules. We want to show that Mp c_ Np is an essential ex- 
tension of Rp-modules for all P e MaxSpec R. To prove that Mp c_ Np is an essen- 
tial extension of Re-modules, it suffices to show that for any non-zero element x/s 
in Np (x~N, seR-P) ,  Rp(x/s)nMp--/:O. For this, we have two cases: 
Case 1. Ann(x)= 0 in R. Then Ann(ax)= 0 in R for all non-zero elements ae R 
(because R is a domain). Now Ann(x)= 0 implies that Rx is a non-zero submodule 
of N. Since Mc_ N is  an essential extension of R-modules, we have MARx~O in M. 
Hence there exists a non-zero element a in R such that Rax is a non-zero sabmodule 
of MARx.  But then clearly (Rax)p:#O in MpnRp(x/1)=MpnRp(x/s). That is, 
Mpn R p(x/s) :/: O. 
Case 2. Ann(x) q: 0. Then we have x ~ T(N). Now, from the above description, we 
have 
T(N) = (~ T(N) P = (~) T(N)p. 
P ~ Supp(T(N)) P ~ Supp(T(N)) 
Hence x= xl +x2+ "- +xn, where xi e T(N) P' (1 < i <_n). Since O ~:x/1 ~ T(N)p and 
T(N)p = T(Np) = T(N) P, it follows that P = Pi for some i = 1, 2, . . . ,  n. Say P = PI. 
Then we have x/1 =Xl/1 e T(N)p. Clearly Ann(x) c_ Ann(x1) c_ P=PI .  Since 
Ann(x~) ~ Q for any maximal ideal Q of R different from P, it follows that for any 
non-zero element a of R, Ann(ax0 is contained only in P but not in any other 
maximal ideal of R. Now, because M c_ N is essential and because 0~ Rx I ¢_ Rx c_ N, 
we have MO Rx~ :/: 0 and MA RXl c_ MG Rx. So there exists an element a in R such 
that Rax~ is a non-zero submodule of MORxlC_MARxc_MGN.  If we now 
localize Rax I C_ MA Rxl c__ MARx c_ MAN at P = Pl ,  we obtain 0 q: (Raxl)e C_ 
MpNRp(x  1/1)= MpnRp(x/s)  c_ Mt, ANp. That is, MpORp(x/s)¢=O. Since x/s was 
taken to be any non-zero element of Np, it follows that MpC_Np is an essential 
extension of Rp-modules. Therefore over R, Me_ N essential implies that MpC_ Np 
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is Rp-essential for all P e MaxSpec R. 
The converse is obvious. [] 
Corollary 2.2. Let R be an h-local domain and let M be an R-module with the injec- 
tire hull E(M). Then E(M)p=E(Mp) for all P e MaxSpec R. 
proof. By Theorem 2.1, we have Mp C_ E(M)p is essential for all P e MaxSpec R. 
But E(M)p is an injective Rp-module [5, Theorem 3.3]. Therefore E(M)p is the in- 
jective hull of Mp for all P e MaxSpec R. [] 
Definition 2.3. (Cf. [4, Theorem, p. 142].) A local ring R is said to be an 'almost 
maximal valuation ring' if it satisfies one of the following equivalent conditions: 
(1) Every indecomposable injective R-module has a linearly ordered lattice of sub- 
modules; 
(2) Every finitely generated R-module is a direct sum of cyclic R-modules. 
Definition 2.4. An ideal I of a ring R is said to be 'irreducible' if I=A NB implies 
that either I=A or I=B. 
Proposition 2.5. Let R be a locally almost maximal valuation ring (i.e. Rp is an 
almost maximal valuation ring for  all maximal ideals P of  R). Suppose that when- 
ever Mc_N is an essential extension of  R-modules it follows that Mpc_Np is an 
essential extension of  Rp-modules for all P e MaxSpec R. Then every R-module M 
has a distributive hull D(M) such that M c_ D(M) is a locally linearly ordered exten- 
sion of  R-modules. 
Proof. Let M be any R-module with injective hull E(M) and let P be any maximal 
ideal of R. Then as an Rp-module either Mp has no proper distributive xtension 
or Mp has a proper distributive xtension. If Mp has a proper distributive xten- 
sion, then Mp is isomorphic to a submodule of an Rp-module of the form Rp/Ip 
for some ideal Ip of Rp. Since Rt, is a valuation ring, Ip is an irreducible ideal of 
Rp. Hence E(Rp/Ip) is indecomposable [6, Corollary 1, p. 49]. Therefore by 
Definition 2.3 above, it follows that E(Rp/Ip) has a linearly ordered lattice of sub- 
modules. Clearly, we have E(Mp)=E(Rp/Ip)  (because E(Rp/Ip) is indecom- 
posable) and hence E(Mp) has a linearly ordered lattice of submodules. Since 
Mpc_E(M)p is an essential extension of Rp-modules (by the hypothesis), there 
exists an Rp-monomorphism fp :E(M)p- ,E (Mp)  such that fp is the identity on 
Mp. That is, we have the following commutative diagram: 
0 
incl. , Mp , LiM)p 
incl" i / 
E(Mp) 
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Since E(Mp) has a linearly ordered lattice of submodules and since fp is a mono. 
morphism, it follows that E(M)p has a linearly ordered lattice of submodules. 
Hence if Mp has a proper distributive xtension, then Alp c_ E(M)p is a distributive 
extension of Rp-modules. So if we define D(Mp) to be the submodule of E(M)~ 
generated by the set consisting of all the submodules of E(M)p which are distribu. 
tire extensions of Mp, then what the above argument says is that either D(Mp)=Alp 
or D(Mp) = E(M)p. Moreover, we have Mp C_ D(Mp) is a linearly ordered extension 
of Rp-modules for all P ~ MaxSpec R. 
Next we let D(M) be the submodule of E(M) generated by the set of all the sub- 
modules of E(M) which are distributive xtensions of M. Then, as in the proof of 
Theorem 1.3, D(M) is the distributive hull of M and Me_ D(M) is a locally linearly 
ordered extension of R-modules. [] 
Proposition 2.6. Over a Priifer domain R every torsion-free R-module M has a 
distributive hull and this is given either by itself or by its injective hull. 
Proof. Suppose that M has a proper distributive xtension. Then by [1, Proposition 
3.1 ], M is isomorphic to an R-submodule of the field of fractions K of R. Therefore 
it follows that E(M)=K. Since R is Priifer, K=Kp=E(M)p has a linearly ordered 
lattice of submodules (as an Rp-module) for all maximal ideals P of R. Hence 
E(M) is a distributive R-module. The result now follows. [] 
We note that a Noetherian arithmetical ring R is a locally almost maximal valua- 
tion ring. This is, because if P is any maximal ideal of R, then either Rp is a 
discrete valuation ring or is an Artin principal ideal ring. Hence over Rp every 
finitely generated module is a direct sum of cyclic submodules [6, Theorem 6.7, 
p. 163 and Corollary to Theorem 6.16, p. 179]. 
Also, avon Neumann regular ing R (i.e. given a ~ R, there exists an element beR 
such that aba = a) is a locally almost maximal valuation ring. This is, because if P 
is any maximal ideal of R, then Rp is a field. Hence over R t, every module is a 
direct sum of cyclic submodules. 
We also note that a locally almost maximal valuation ring is an arithmetical ring. 
Thus a locally almost maximal valuation domain is a Prtifer domain. 
We are now able to prove the following result. 
Theorem 2.7. Let R and M be defined as follows: 
(i) R is an h-local Priifer domain and M is a non-zero rank R-module, or 
(ii) R is an h-local locally almost maximal valuation domain and M is any R- 
module, or 
(iii) (cf. [1, Theorem 2.4]) R is a Noetherian arithmetical ring and M is any R- 
module, or 
(iv) R is a yon Neumann regular ring and M is any R-module. 
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Then M has a distributive hull D(M) and Mc_D(M) is a locally linearly ordered 
extension of R-modules. 
proof. (i) Let M be a non-zero rank R-module and let E(M) be the injective hull of 
M. Then by Corollary 2.2, E(M)p is the injective hull of Mp for all Pe  MaxSpec R. 
Now if M is of rank greater than one, then M has no proper distributive xtension 
[1, Corollary 1, p. 310]. Hence in this case, we have D(M)=M.  
So we may assume that M is of rank one. Let P be any maximal ideal of R. If 
T(Mp)=#O, then Mp as an Rp-module has no proper distributive xtension [1, Cor- 
ollary 2, p. 310]. Therefore in this case, we have D(Mp)=Mp. If on the other hand 
T(Mp) = O, then Mp is torsion free of rank one and hence in this case, we have 
D(Mp) = E(M)p (Proposition 2.6). 
If we define D(M) to be the submodule of E(M) generated by the set of all the 
submodules of E(M) which are distributive xtensions of M, then by our usual argu- 
ment it follows that D(M) is the distributive hull of M and MC D(M) is a locally 
linearly ordered extension of R-modules. 
(ii) Follows from Theorem 2.1 and Proposition 2.5. 
(iii) Follows from Proposition 2.5. 
(iv) Let R be avon  Neumann regular ring and let M be any R-module. Suppose 
that MCN is any distributive and supporting extension of R-modules. Then 
Alp C Np is a distributive xtension of Rp-modules for all P e MaxSpec R. But Rp is 
a local von Neumann regular ring. Therefore Rp is a field. Now over a field a 
module cannot have a proper distributive submodule [1, Corollary to Proposition 
1.1]. Therefore it follows that either Mp= 0 or Mp=Np in Np. But Me_ N is a sup- 
porting extension of R-modules. Therefore Alp = O, implies that Np = 0. That is, in 
any case we have Mp=Np. But this is so for all PeMaxSpec  R. Therefore M=N 
as R-modules. That means that M has no proper distributive and supporting exten- 
sion at all. Hence D(M)=M. [] 
Corollary 2.8. Let R and M be defined as in (i), (ii) or (iii) of the statement of  
Theorem 2.7. Suppose that M is locally everywhere non-zero and locally everywhere 
has a proper distributive xtension. Then the injective hull E(M) of M is a distribu- 
tive R-module and hence D(M)= E(M). 
Proof. Let P be any maximal ideal of R. Then E(M)p=E(Mp) is an indecom- 
posable injective Rp-module. (Because for each P e MaxSpec R, Mp ~ 0 and Mp has 
a proper distributive xtension.) Therefore it follows that E(M)p as an Rp-module 
has a linearly ordered lattice of submodules for all P in MaxSpec R (see, for exam- 
ple, the proof of Proposition 2.5). Hence E(M) is a distributive R-module. There- 
fore D(M) = E(M). [] 
Proposition 2.9. Let R be an h-local locally almost maximal valuation domain 
and let M be a torsion R-module. Then the distributive hull of M is given by 
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(~'-~)e~Supp(M) D(Me), where each D(Me) is the distributive hull of the Re-module 
Me. 
Proof. Let E(M) be the injective hull of M. Then E(M) is a torsion R-module 
(because R is a domain and M is a torsion R-module). Since R is an h-local domain, 
M~ E(M) is a supporting extension of R-modules (Lemma 1.1). Hence as in the 
proof of Theorem 2.1, we have 
M= (~ M R c_ E(M)= (~ E(M) P'" ~ E(M)p. 
ee  Supp(M) Pe  Supp(M) ee  Supp(M) 
Now by Corollary 2.2, we have E(M)p = E(Me) for all P e MaxSpec R. Let P be 
any element of Supp(M). Then either D(Mp)= Me or  M e has a proper distributive 
extension, in which case D(Me) = E(Mp)= E(M) e as Re-modules. Let X be the set 
of all PeSupp(M)  such that D(Me)=E(Mp). Then we have 
M= 
Clearly 
C_ (~ E(M) P = (~ E(Mp). 
Pe Supp(M) Pe  Supp(M) 
pe Supp(M) - (~ Ip~xE(M)"I M= (~ MP C IpeSupp(M)_xMPI (~ 
is a distributive xtension of R-modules and 
ee  Supp(M)- X LPe X J 
contains every distributive xtension of M in E(M) (because this is locally so). Hence 
D(M)= I (~ MPI ~) I (~ E(M)P~ = (~ D(M.). 
P~Supp(M)-X I,.P~X .) P~ Supp(M) 
[] 
Section 3 
In this section we introduce the notion of a coprimely packed ring and examine 
the distributive hull of modules over such rings. 
An ideal I of a ring R is said to be coprimely packed by prime ideals if whenever 
! is coprime to each element of a family of prime ideals of R, then I is not contained 
in the union of the prime ideals in the family. If every non-zero ideal of R is co- 
primely packed, then R is said to be a coprimely packed ring. 
Theorem 3.1. Every semilocal ring is coprimely packed. 
Modules with locally linearly ordered istributive hulls 127 
proof. Let R be a semilocal ring and let I be any non-zero ideal of R. Suppose 
that I+P=R for all PeX,  where X is any non-empty subset of SpecR. We 
want to show that 16 Ue~x P. Now because MaxSpecR is finite, we may pick 
a subset {,MI,,M2, ... , Jan} of MaxSpecR in such a way that for each J/t i in 
{~1, ~'2,-.-, ~n  } there exists an element P in X such that P__ ,M i and for each 
peX there exists an element ~' i  in { J [1,~g2, . . . ,~n} such that PC_~ i. Since 
I+P=R for all P~X,  it follows that I+~i=R for all i=l ,2, . . . ,n.  Hence 
?/ n 
IgUi=l ~i" But UpexPC_ Ui=l ~i" Therefore I~:UpexP. Therefore it follows 
that R is coprimely packed. [] 
In the remaining part of this section, R will be an integral domain and K will be 
the field of fractions of R. 
Proposition 3.2. Let R be a Prfifer domain and let M be an R-module of rank at 
most one. Let T(M) be the torsion submodule of M and S= R-  UPeSupp(T(M)) P. 
Then M c_ S-  IM is a distributive xtension of R-modules. 
Proof. If M= 0, then there is nothing to prove. So we may assume that MS 0. Let 
Z(T(M)) be the set of zero divisors of T(M) in R (i.e. Z(T(M)) = {reR Irm =0 for 
some non-zero element m in T(M)}). Then Z(T(M)) c_ [-Je~Supp(r(M)) P" Hence the 
mapping m ~ m/1 of M into S-  IM is an injective R-module morphism. Therefore 
we may regard M as an R-submodule of S-  ~M. 
If T(M)=0,  then S=R-{0} and M and S-1M both are torsion free of rank 
one. Therefore M and S -  ~M both can be regarded as R-submodules of K. Hence 
Mc  S-1M is a distributive xtension of R-modules (see, for example, the proof of 
Proposition 2.6). 
If T (M)~0,  then to prove that Mc_S-1M is a distributive xtension of R- 
modules, by [2, Lemma 2.6], it suffices to show that Me_  (S- IM) e is a distributive 
extension of Rp-modules for all P e MaxSpec R. Now for any P in MaxSpec R, we 
have either Pc  Supp(T(M)) or P~ Supp(T(M)). 
If P~ Supp(T(M)), then there are two cases to be examined: 
Case 1. T(M)=M. Then because Pe~Supp(T(M))=Supp(M), we have Me= 
(S- IM)p = O. 
Case 2. T(M):/:M. Then M e and (S- IM) e are both torsion free Re-modules of 
rank one. Hence both can be regarded as Re-submodules of K. Therefore it follows 
that M e_c (S- IM) e is a distributive xtension of Re-modules. 
If P e Supp(T(M)), then S = R - [-Je~ Supp(T(M)) P C_ R - P. Hence in this case, we 
have M e = (S- 1M)p. Therefore it follows that M c_ S-  IM is a distributive xtension 
of R-modules. [] 
Theorem 3.3. Let R be an integral domain and let M be an R-module with 
T(M) ~ M. Let S = R - U P~Supp(TtM)) P" Then 
128 V. Erdo~,du 
(i) i f  R is coprimely packed, then S-1M contains an isomorphic opy of  every 
distributive xtension o f  M; 
(ii) i f  R is Pritfer and coprimely packed and M is o f  rank one, then S -  1M is the 
distributive hull of M. 
Proof. (i) Let Mc  N be any distributive xtension of R-modules. Then by [1, Pro- 
position 3.1], T(M) = T(N). Hence Supp(T(M)) = Supp(T(N)). Therefore the 
mapping n ~ n/1 of N into S-1N is an injective R-module morphism. 
If T(M)=T(N)=O, then S=R-{0} and hence S-1M=S- IN=K [1, Pro- 
position 3.1]. That is, S- IM contains an M-isomorphic copy of N. Therefore 
in this case it follows that S -1M contains an M-isomorphic opy of every distri- 
butive extension of M. So from now on we assume that T(M)= T(N)~0.  Since 
M_c N is a distributive xtension of R-modules, (M: y) + (y : x) = R for all x e M 
and all yeN [1, Proposition 1.1]. We now take an arbitrary element y in N-M 
and fix it. Then (M: y) + (y : x) = R for all x e T(M). Since R is an integral domain 
and since Ann(y)= 0 in R and x e T(M), it follows that (y :x )= Ann(x). That is, 
(M:y )+(y :x )=(M:y)+Ann(x)=R for all xe  T(M). If now P is any element of 
Supp(T(M)), then T(M)p ~ 0 and hence P_~ Ann(x) for some non-zero element x in 
T(M). (Of course the converse of this last statement is also true. That is, if P is any 
maximal ideal of R, P_~ Ann(x) for some x e T(M), then P e Supp(T(M)).) There- 
fore it follows that (M: y )+ P - -R  for all P e Supp(T(M)). But R is coprimely pack- 
ed. Therefore (M:y)gg~P~SupptrtM))P. Hence (M:y)NS:/:O. That is, syeM for 
some seS .  From this, we have sy=m for some meM.  Hence (s/1)(y/1)=m/1 in
S - 1N.  Since s/1 is a unit in S-  IR, we have y/1 = m/s e S -  1M. But y was taken ar- 
bitrarily in N-M.  Therefore it follows that S-~N--S-1M.  That is, N has an iso- 
morphic copy in S- IM. 
(ii) By (i), we have S - IM contains an isomorphic copy of every distributive 
extension of M. By Proposition 3.2, Me_ S - IM is a distributive xtension of 
R-modules. Hence S - IM is the distributive hull of M. [] 
Corollary 3.4. Let R be a Priifer domain and let M be an R-module of  rank one. 
Suppose that Supp(T(M)) is finite. Then M has a distributive hull and this is given 
by S- IM, where S= R - UPeSupp(T(M)) P"
Proof. Let M c_ N be any distributive xtension of R-modules. Then as in the above 
proof, we have T(M) = T(N). If T(M) = T(N) = 0, then S-  1M= S-  IN= K and 
hence S-  IM contains an M-isomorphic opy of N. Therefore in this case it follows 
that S-  IM is the distributive hull of M. Suppose that T(M) = T(N) ~ O. Let y be an 
arbitrary element of N -  M. Then (M: y) + (y : x) -- R for all x e M. Hence in par- 
ticular, (M: y) + (y: x) = R for all xe  T(M). But then as in the proof of Theorem 3.3, 
(M:y) +P=R for all Pe  Supp(T(M)). That is, (M:y )~P for all Pe  Supp(T(M)). 
Since Supp(T(M)) is finite, it follows that (M:y)ffg~PeSuprgrtM))P. That is, 
(M:y)NS~O.  Therefore the result follows from the proof of Theorem 3.3. [] 
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Theorem 3.5. Let R be an h-local Priifer domain. Then R is coprimely packed if 
and only if D(M)= S- IMfor  all rank one R-modules M, where S is defined as in 
Theorem 3.3. 
proof. By Theorem 3.3, we have D(M)= S-1M for any rank one R-module M. 
Conversely, suppose that every rank one R-module M has its distributive hull 
given by S-~M and R is not coprimely packed. Since R is not coprimely packed, 
there exists a non-zero ideal I of R and a non-empty subset X of Spec R such that, 
I+P=R for all P~X and Ic_ ~p~x P. Put S=R-~e~xP.  Then S is a saturated 
multiplicatively closed subset of R and IA  S = O. Hence there exists a prime ideal Q 
of R such that Ic_ Q and QNS=g (Zorn's Lemma). Since I+P=R, for all PeX,  
it follows that Q+P=R for all PeX.  Since QNS=g, Qc_ ~p~x P. Let M be the 
rank one R-module RQG(~psxR/P) .  Then clearly Supp(T(M))=X. We aim to 
show that S -  1M is not the distributive hull of M (i.e. S -  IM is not a maximal distri- 
butive extension of M).  Since R is an h-local domain, the prime ideal Q of R is con- 
tained in only one maximal ideal of R. Say Q c_ ~1.  Clearly ~1 is not a member 
of X (because Q + P = R for all P e X and hence dr' 1 + P = R for all P ~ X). Now for 
any maximal ideal ~ of R, we have either ~IINS=O or ~' t ' )S~O.  If ~NS=O,  
then ~c__ UpzxP. Therefore, we have R-d¢~_S and hence M~ =(S-IM)~. If 
on the other hand ~t ' )S#:O,  then ~qX.  There are two cases to be examined: 
Case 1. ,~  = o¢¢ l . Then (S- IM)~ = (S- 1R ®R M) ®R Rat = S- 1R QR (M~)R R~). 
But M®R R~ =RQ. Therefore M,~ =RQ C_ (S- 1M)~ cK  is a proper distributive 
extension of R ~-modules. (The reason why (S- IM)~ cK  is that Q c_ (R - S) fq,At'.) 
Case 2. dt'~=dt'~. Then because Q tqd( contains no non-zero prime ideal of R 
and because d¢¢ X, it follows that M~ = K= (S-1M)~.  
Let N=KG((~pexR/P) .  Then from the above argument, it follows that 
S-IMCN. Now if dr' is any maximal ideal of R different from d¢ l , then M~ = N~t. 
=g 
But for d r=d/1 ,  we have M~=RQC_(S-1M)~cK=Nat. Therefore it follows 
that Me_ S - IMCN is a chain of proper distributive xtensions of R-modules. That 
=g 
is, S -~M is not the distributive hull of M. This is a contradiction to the fact that 
M is of rank one. Hence the result. [] 
Theorem 3.6. Over a coprimely packed h-local locally almost maximal valuation 
domain R every module M has its distributive hull given by one of the following: 
(i) D(M) = M; 
(ii) D(M) = S- IM, where S = R - ~p~ Supp(T(M)) P; 
(iii) D(M)=(~p~Supp(M) D(Mp) C_ ~peSupp(M) E(Mp), where each D(Mp) is the 
distributive hull of the Rp-module Mp. 
Proof. If M is of rank_> 2, then M has no proper distributive extension, and so 
D(M)-M and hence (i). 
If M is of  rank one, then by Theorem 3.3, D(M)=S-IM and hence (ii). 
If M is of  rank zero, then by Proposition 2.9, D(M)=(~p~supp(M)D(Mp) and 
hence (iii). [] 
130 If. Erdo~,du 
We conclude with a remark about coprimely packed locally almost maximal 
valuation rings. It can be shown that a Noetherian arithmetical ring R is copriraely 
packed if and only if a positive power of every ideal of R is principal. Therefore 
it follows that a Dedekind domain R is coprimely packed if and only if the ideal 
class group of R is torsion. Clearly every Dedekind domain is an h-local Priifer 
(locally almost maximal valuation) domain. Since it is not the case that the ideal 
class group of every Dedekind domain is torsion, it follows that not every h-local 
Prfifer (locally almost maximal valuation) domain is coprimely packed. 
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